Quantum Mechanics Lecture Notes 10 April 2007 Meg Noah

The 2-Particle system:

A2 A2 y
A= (i -r)) m2_V([i-))
2m, 2m, F
This is difficult to solve. 2 °ml
A2 A2 F’
4 Py P,
= om Fom, TV (R :
X

=T —T, relative coordinate of the total momentum

1 2

r
® . =P +p, thetotal momentum

A — Mp-myp, S _ Mi+mh i _
P, =" and R=7:7= withM =m +m,
R P? A2
H = 4 P +V ()
2M 24
Hcy =Center of Mass 5 %’—/
for Particle in free space  Hrer =Relative Hamiltonian
H = HCM + Hrel
eigenfunction and eigenenergy
E= ECM + Erel

We learned previously that [x, p, | =iz
For the transformed system: [f, p,]=i%76, and [Iﬁj,@k] =iho,,
So the Hamiltonian is separated into two independent components.

When the Hamiltonian can be separated into independent components:
The Schrodinger equation has product eigenfunctions:

V= (R)y.(F)

and summation eigenvalues:
E=E, +E,

where

H=H_, +H,_

=E

T

CM l//CM CM l//CM

rel l//rel = Erel l//rel

T
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First Solve the Free Particle (CM) Part:
HCM WCM = ECM l//CM

ik-R

v, = Ae
E ="

Now Solve the Relative Hamiltonian with Reduced Mass:
I:I rel = 2;2:: +V (F)

u1 =2 this is the reduced mass

The Schrodinger equation is:

2 +V (1) |y (M) = B (D)

Using spherical coordinates, we can write it this way:
A (r)]wre. () = E, ()

2 r :|l//rel (f") = Ekl//k(r)

2u

Here ;-

The rotational part is independent of the other two terms
which are functions of r and not 8,¢. The solution is spherical harmonics:
Ylm(0,¢):\l,m>
V.. (F)=R()Y,"(6,4)=|n,I,m)
[ £ 4554V (1) [RIY,"(6,4) = ER(MY,"(0.9)
b =i
Y,"(0,4)ER(r)+R(r) - BERY,"(6,4) +V (PR(r)Y,"(8,4) = ER(r)Y," (6,9)

The radial component:

L +”'“*1’+V(r) R(r) = E,R(r)

effective potential

So, we have a product of eigenfunctions: a radial part and an angular part.
The angular part is solvable without knowing the potential which depends
only onr. The angular part are spherical harmonics defined in Table 9.1 on
page 373.



Quantum Mechanics Lecture Notes 10 April 2007

The Relative Hamiltonian for a Hydrogenic Atom:
Here: V (r) ==2" the Coulomb potential.

Hydrogenic Atoms | Z
H 1
2
3

He"
Li™"

Only consider the bound state (lower than free particle energy):
[ Zir+ 20 2 4 [E|[R(r) =0

2u " or? 2ur

Change the dependent variable to:
U(r)=rR(r)

[ZZ Lip4 LDz +\EH ~0
[%%%/M-} —ﬁzll(lrlﬂ)%_z_ezM_F‘E‘U(r)]

_2um [I(Hl) 2p 7t 4 Zﬂ\E\]U (r)=0

or? o

p=2xkr and |E[=%%
2 _(zV _2
A=) =g

— —
=% and a, =%

where [] is Rydberg constant. Simplify the radial equation:
U (41U +(i—%)U =0
2 2 P

op p

Meg Noah
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Look at the solution to the radial relative Hamiltonian equation in the
limits, first at +oo:

2y 4 (2-1)U =0

ap? p

0 0
2y _ iy +(;/ —%)u -0

U Ae"?+ Be”

B has to be zero because
in the limit p—oo this
term is infinite

U0 Ae??

po®

Now look at the solution to the radial relative Hamiltonian equation in
the limit at O:

B0 (U -0

ap? P

p—0  U(p)—= (finite number)
pz gZpU _,02 I(I+1)U +,0 ( %)U :0

S5 _|(1+2)U + p0" - 240 =0

U 1(+)U 0
op? 2 -

Substitute trial solution U = p°
(a-2) _ 1(+1)p°

q(q -1 =2

q(q-1)=1(1+1)

sq=I1+1 or q=-l

U D /Kop—l + Bpl+1

So that the solution
vanishes at the origin

up Bp' and U [ Ae o2

p—o®©
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From these results at the limits, we can build the eigenfunction of U(p).
U(p)=e""p""F(p) where  F(p)=3c,p!

Substitute this into the Schrodinger equatiojn and solve.

[ pZ+(2+2-p)2—(1+1- 1) [F(p)=0

The solution is:

C, = it © =1,C,

C:

In the limitthatj >0 ¢, =+

What satisfies this ¢, , =+ relation? F(p)=e” = ,— &

Consider total radial solution for Coloumb potential relative Hamiltonian:
U(p)=e""p"F(p) =e2p!" 5 = e p e =l
i
The problem is that as j — « and p — o, then U (p) = .
Therefore j 5, and j has to have a cut-off or maximum value.
The maximum j is at the point where I";, | =0.
Jou +1+1-4=0
We define a number according to this.
The principle qguantum number n.
n=j_ +l+1=14 n=123,--
)=0 min()=0 min(n)=1 A*=n’
Imax=n-1 1=0,12,...,.n-1 0<j<]j
E ==2- and ] =13.6 eV

U,(p)=e""p"F,(p)=Ag ”“p'”Z c,p’

¢, =I';¢; and =2k, I and K, =an

min( |

max

Putting together the radial and angular components of the relative
Hamiltonian:

Vo (1,0,8) =R, (Y (0,4) where R, =5

E =%4= _HET and [ =2 =136 eV (Rydberg Constant)

2#2n? 272
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Let’s Calculate the Degeneracy of E:
n=j+1+1

.. =n-1
|=0,12,....n=1 There are n values of I.
m=—I,—-1+1,...,0,...,1 =11  There are (21 +1) values of m.
n-1 n-1 n-1
Degeneracy of E, =) (21 +1)=2>"1 + > 1=2*024n=n?
1=0 1=0 1=0

If you consider spin, the degeneracy is double: D(E,) = 2n®.

N\

1=1 <EEE}

m=-+I|

LORPN

1
N -

o

3 333 33333
KN

1
o

Meg Noah

When you excite the atom to another state, then it can give light, the light
will come out. Next class we will learn about the selection rules —

forbidden/allowed, etc.

=0 =1 =2 =3

Sﬁz

N W

n=1



